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It is known that de Rham-Gabadadze-Tolley (dRGT) massive gravity does not permit a
homogeneous and isotropic universe with flat or spherical spatial metrics. We demonstrate
that a singular reference metric solves this problem in an economic and straightforward way.
In the dRGT massive gravity with a singular reference metric, there are sound homogeneous
and isotropic cosmological solutions. We investigate cosmologies with the static and dynam-
ical singular reference metrics, respectively. The term like dark energy appears naturally and
the universe accelerates itself in some late time evolution. The term simulating dark matter
also naturally emerges. We make a preliminary constraint on the parameters in the dRGT
massive gravity in frame of the present cosmological model by using the data of supernovae,
cosmic microwave back ground radiations, and baryonic acoustic oscillations.
PACS numbers: 04.20.-q, 04.70.-s
I. INTRODUCTION
In modern field theory, a free field is described by its propagator in a back ground spacetime.
It is easy to introduce a mass for a scalar field φ, for which a mass leads to a term φ2 in the action.
Also, it is not difficult to introduce a mass term for a vector field Aµ, which leads to a term AµA
µ
in the action. Unexpectedly, to endow a mass for a spin-2 tensor field is a highly non-trivial topic.
In the other view, it is not surprised since gravity is special in several aspects. The spin-2 tensor
field also weaves the spacetime background for its own to propagate. Even we do not consider
such a complexity, to construct a massive graviton propagating in the Minkowski spacetime is not
a trivial problem. In the linear limit general relativity (GR) in vacuum space becomes a theory of
a free spin-2 tensor field ηµν , where only kinetic terms of the graviton appear. Mimicking the case
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2of scalar and vector fields, one may introduce a mass for the spin-2 tensor field hµν = gµν − ηµν
through a term,
m2gµνg
µν , (1)
in the Lagrangian. It is clear such a term does not imply a massive graviton (However, see [1]).
In Minkowski field theory, it is a shift of vacuum energy. In GR, it is a cosmological constant. In
1939, Fierz and Pauli found the proper massive linear GR [2],
S =
∫
d4x
(
−1
2
∂αhµν∂
αhµν + ∂µhνα∂
νhµα − ∂µhµν∂νh+ 1
2
∂αh∂
αh
)
+
(
1
2
m2(h2 − hµνhµν)
)
,
(2)
where h denotes the trace of the spacetime fluctuation hµν . One easily recognizes that the terms
in the first bracket in the above action is the linearized Einstein-Hilbert term. The improvement
of Fierz and Pauli is to introduce the mass term in the second bracket. The critical property of
this term is that the relative coefficient of the terms h and hµνhµν is −1, which eliminates the
ghost freedom. The linearised massive gravity suffers from a non-continuity problem, which can
be recovered through the Vainshtein mechanism [3]. However, when one generalizes this linearized
massive gravity to the non-linear regime, the ghost freedom will reemerge, which is called Boulware-
Deser ghost [4]. A satisfactory non-linear ghost-free massive gravity is only recently proposed in
[5], in which the property of ghost-free is obtained by successive expansion to the 4th order.
Then Hassan et al makes a complete demonstration that dRGT massive gravity is ghost-free via
a Hamiltonian approach [6]. It is instructive to put the massive gravity into the large frame of
modified gravities, in which several theories permit massive modes. In [7], the massive modes
of higher-order gravity is studied. And the possible observation effects of the massive modes
at the upcoming gravitational detectors, especially LISA, are explored. In a review of modified
gravity [8], the general condition on massive terms can emerge in the effective action of gravities
is investigated, and related cosmologies is reported. This presents a general frame to find massive
modes in modified gravities. Stability problem of Lorentz breaking massive gravity in spherically
symmetric spaces is explored in [9]. The Vainshtein mechanism in the scale of clusters of galaxies
is studied in [10].
The recently renewed interest of massive gravity is motivated, more or less, by the cosmic
acceleration, which is a significant discovery over last century. If the universe only contains matters
like terrestrial matters described by the standard model, the cosmic expansion must be decelerating
rather than accelerating. Many models for this acceleration has been proposed. However, although
fundamental for our understanding of the universe, its nature, especially in the theoretical aspect,
3remains a completely open question nowadays. The heuristic argument of the possible mechanism of
the cosmic acceleration in frame of massive gravity is as follows. Generally, a massless intermediate
boson leads to a Newton-like potential 1/r. A massive intermediate boson leads to a Yukawa-like
potential e−αr/r, which implies a weakened force at large distance. Thus, for a massive graviton,
the gravitational force is weakened, and the universe becomes to be accelerated at large distance.
This argument also sets the mass scale of the graviton m ∼ α ∼ H0, where H0 is the Hubble
constant. It seems that a weakened gravity still cannot explain the accelerated universe. One gets
inspirations from the “raw” massive gravity (1), which implies that the massive cosmology may
share some property of the de Sitter universe. Unexpectedly, a technical detailed investigation
of the refined massive gravity (dRGT) shows that a homogeneous and isotropic (FRW) universe
with flat and spherical 3 spatial spaces is prohibited in dRGT massive gravity [11], said nothing of
accelerated universe. To solve this problem is the main goal of the present article.
This article is organized as follows. In the next section, we discuss the difficulties of dRGT mas-
sive cosmology, and demonstrate that a singular reference metric yields sound FRW cosmological
solutions. In section III, we study the massive cosmology with singular reference metric in detail.
In section IV, we fit this model by using observation data of SNe Ia, CMB, and BAO. Section V
concludes this article.
II. DIFFICULTY AND WAY OUT OF DRGT MASSIVE COSMOLOGY
In field theory, mass term is a special potential term, which is a scalar in the Lagrangian. To
construct a potential for the metric gµν is not difficult. In fact, gµνg
µν up to a factor is the unique
one which can be constructed directly from gµν , without derivatives of gµν . As we have mentioned,
such a term is always a constant, and thus can not be treated as the mass term for gravitons. We
name this constant-potential problem. Thus, in order to construct a proper scalar invariant as the
mass term it is necessary to introduce some auxiliary fields, for example two auxiliary vectors or an
auxiliary tensor. One can use the metric gµν together with the auxiliary fields to construct a proper
potential for the gravity field gµν , which escapes the constant-potential problem. Such an auxiliary
tensor is successfully found in [5], which is dubbed reference metric. In the original dRGT model,
the reference metric is set to be the Minkowski metric in the inertial frame fµν=diag(−1, 1, 1, 1).
An obvious problem is that it becomes non-covariant. The solution is to introduce four Stuckelberg
scalar fields φa, and sets,
fµν = f¯ab
∂φa
∂xµ
∂φb
∂xν
, (3)
4where f¯ab is the inner metric in the field space. Thus fµν becomes covariant with the help of the
derivative operators. Armed with the reference metric, the general dRGT potential can be written
as,
V (g, f) = m2
4∑
i
ciUi(g, f), (4)
where,
U1 = [K],
U2 = [K]2 − [K2],
U3 = [K]3 − 3[K][K2] + 2[K3],
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]. (5)
The new tensor K, which plays the role of gµαgαν in the raw massive gravity, is defined as,
Kµν =
(√
g−1M fM
)µ
ν
. (6)
Here g−1M denotes g
αβ in matrix form, and fM denotes fαβ in matrix form. [K] labels the trace
of K measured by the spacetime metric gµν . ci are four constant. A special note is that the root
operation of a matrix is a complex problem. For example the most simple matrix diag(1,1) has at
least the following different square roots: the three Pauli matrices, diag(1,1), diag(1,-1), diag(-1,1),
and diag(-1,-1). So the operation of square root for a matrix is alive with ambiguity. We take
the real matrix with Lorentzian signature as the proper square root in (6). With the potential (4)
involving the reference metric, the full action of a massive gravity system reads,
S =
∫
d4x
√−g
[
1
2κ2
(R+ V (g, f)) + Lm
]
, (7)
where R is the Ricci scalar, Lm denotes the Lagrangian of the matter fields.
Interestingly, it is found that the above construction of dRGT does not permit a homogeneous
and isotropic (FRW) universe with flat or spherical spatial metrics [11]. To highlight where the
crux lies, we show some technical details of this problem. We take the spatially flat FRW universe
as an example. The spatially flat FRW metric reads,
ds2 = −dt2 + a2d~x2, (8)
where a denotes the scale factor. We set the Stuckelberg fields as,
φ0 = u(t), φi = xi. (9)
5The reference metric is calculated by (3),
f00 = −u˙2, fii = 1, (10)
in which we have set f¯ab = ηab. Then the potential (4) reads,
V = m2
(
c1(u˙+
3
a
) + c2(
6u˙
a
+
6
a2
) + c3(
6
a3
+
18u˙
a2
) + c4
24u˙
a3
)
. (11)
The invariant potential in the action,
√−g V = m2 (u˙(c1a3 + 6c2a2 + 18c3a+ 24c4) + 3c1a2 + 6c2a+ 6c3) . (12)
The terms other than V in the action does not contain u. Then a variation with respect to u
presents,
d
dt
(c1a
3 + 6c2a
2 + 18c3a+ 24c4) = 0, (13)
which implies that c1a
3+6c2a
2+18c3a+24c4 is a constant, and thus a is a constant in the history
of the universe. Only a static universe is permitted. The other point of view of this problem is to
work in the unitary gauge, i.e., φa = δaµx
µ. Because of this gauge fixing, one should introduce the
lapse function in the ADM decomposition in the FRW metric (8),
ds2 = −N2(t)dt2 + a2d~x2. (14)
To obtain U1, U2, U3, U4, we need only replace u˙ by N . The resulted action reads,
S =
∫
d4x
(
A(a, a˙) +Nm2(c1a
3 + 6c2a
2 + 18c3a+ 24c4)
)
, (15)
where A(a, a˙) is some function of scale factor and its derivative with respect to time. The critical
term is the Nm2(c1a
3 + 6c2a
2 + 18c3a + 24c4), which displays that N is a Lagrangian multiplier.
In the Halmitonian form, this multiplier ensures that the theory is ghost-free. One sees that this
condition is exactly the same as what we obtained in the previous gauge in (13), which forbids a
dynamical universe.
A singular reference metric can evade the static universe problem. This is one of the key point
in our study, and deserves to be demonstrated in a little more detailed way. First of all, the
ghost problem of the general theory of dRGT with singular reference metrics has been thoroughly
discussed in [12, 13]. In these previous works, the dRGT massive gravity with singular reference
metrics is demonstrated to be ghost-free.
6Now we make a concise review of the discussion in [12], and show how to apply it in the scenario
of cosmology. The action of the dRGT massive gravity reads,
S =
1
2κ2
∫
d4x
(
πij γ˙ij +NµR
µ + V (Nµ, γij , f)
)
, (16)
where N denotes the lapse and Ni denote the shift functions in an ADM decomposition, γij is the
spatial metric, πij is the conjugate variables of γij, and V is the dRGT potential, which has been
shown in equation (4). We define Nµ = (N, Ni), and
R0 =
√
γ
[
R+
1
γ
(
π2
2
− πijπij)
]
, (17)
Ri = 2
√
γ ∇j
(
πij√
γ
)
, (18)
where γ denotes the determinant of γij, R is the three dimensional Ricci scalar yielded by γij.
Apparently, all Nµ are no longer lagrange multipliers, and thus the Hamiltonian and momentum
constraints are turned off. So all the six possible degrees of freedom of γij are liberated, including
the ghost. The equations of motion of Rµ read,
Rµ +
∂V
∂Nµ
= 0. (19)
Thus, it is clear that Rµ are no longer constraints. This is the argument from Boulware-Deser,
who claim that general non-linear massive gravity will be plagued by ghosts. If the Hamiltonian
constraint is recovered, the ghost excitation will be killed. In general case, one needs a transfor-
mation in the parameter space in (N,Ni) to find the desired Hamiltonian constraint. For detailed
discussion of the transformation, see [12].
Here, in the scenario of cosmology, the problem becomes very simple. Considering the property
of time-orthogonal of the FRW spacetime, one introduces in the ADM decomposition in the FRW
metric,
ds2 = −N2(t)dt2 + a2d~x2, (20)
and for example the most simple singular reference metric fµν =diag(0, 1, 1, 1) as the first case we
discussed in above text. Then one directly obtain the potential,
V = m2
(
3c1
a
+
6c2
a2
+
6c3
a3
)
. (21)
The critical fact is that N does not appear in this potential. Thus, from the equation of motion of
Rµ, as shown in (19), one derives,
R0 = 0. (22)
7This is exactly the Hamiltonian constraint, which suppresses the ghost excitation. The discussions
of the ghost problem of the other cases of singular reference metrics just mimic this one. One sees
that the problem is greatly simplified in the scenario of cosmology. Here the Hamiltonian constraint
emerges just because of the lack of f00. For more details of the general case of the theory with
singular reference metrics, see [12, 13].
As a comparison, in the dRGT cosmology with a full-rank Minkowski reference metric, the
potential becomes,
V = m2
(
3c1
a
+
6c2
a2
+
6c3
a3
)
+NF (a), (23)
where F (a) is given in (15),
F (a) = m2(c1a
3 + 6c2a
2 + 18c3a+ 24c4). (24)
So the Hamiltonian constraint (22) implies F (a) = 0 by using (19). From this comparison one
sees that in the case of singular reference metric, the Hamiltonian constraint recovers without any
surplus constraint on a.
One can make very similar analyses for a universe with spherical 3 subspace. The situation of
a universe with hyperbolic 3 subspace seems a little different, see [14].
Because of the inherent difficulties to realize a dynamical universe in dRGT the research interest
in massive gravity gets decreased. One way to to get out of this tight corner is to consider a more
complex theory. More fields, which are non-minimally coupled with gravity, had to be added to
recover FRW cosmology [15]. These approaches all involve more degrees of freedom. Inspired by
the galilean theory, a galilean-like massive gravity is proposed to realize a dynamical universe [16].
It is a hybrid theory of galilean and massive gravity. Giving up the Lorentz symmetry, a so-called
“minimal massive gravity” is suggested, which permits a homogeneous and isotropic universe [17].
Even with the extra fields, the homogeneous and isotropic universe may be sill in absence in these
extended massive gravities [18].
Let’s scrutinize (11) to find the reason why the universe cannot evolve. The equation of motion
of u imposes the constraint on a. One may think that if u is not a field but a constant then it
does not need an equation of motion. This assumption leads to the case of unitary gauge of the
Stuckelberg fields. We have seen that the same constraint appears in the unitary gauge. If u˙ does
not appear in (11), the corresponding constraint (13) will vanish. Based on this observation, an
essential and straightforward method is to set f00 = 0, which is a much more economic approach,
without introducing any more freedoms. It is easy to confirm that the universe can be dynamical
8under this condition f00 = 0. Similarly, if one works in the unitary gauge but set φ
0 =constant,
the last term in (15) vanishes. N is no longer a Lagrangian multiplier, and thus the constraint (13)
vanishes spontaneously. f00 = 0 may lead to a singular reference metric.
A singular reference metric is not so weird and unacceptable as the first sight. In principle
a reference metric has no direct relation with observables. Generally, a singular reference metric
does not lead to physical difficulties. In fact, besides cosmological considerations in the above
text, there are several significant physical motivations to invoke a singular reference metric in
massive gravity theory, for example, the AdS/CFT correspondence [19][20] and neutron star and
white dwarf structure [21] etc. A gauge-fixed massive gravity, for example a fixed reference metric
diag(−1, 1, 1, 1), loses the property of diffeomorphism invariance. In the scenario of AdS/CFT, the
stress energy of corresponding field theory on the boundary is no longer conserved. Moreover, some
special singular reference metric yields weak broken of the stress-energy, i.e., some components
of the stress-energy conserved while the rest components dissipated. In fact, we need such a
gravitational system to study the normal conductors in the scenario of AdS/CFT, where the
momentums of the electrons dissipate when interacting with the host lattice. In this case, a fixed
reference metric ∼ diag(0, 0, 1, 1) is required in studying the normal conductors [19]. The stability
problem, which cannot derived from the stability of dRGT, has been investigated in [12, 13].
Massive gravity with singular reference metrics has been studied in several different aspects [22].
In cosmology one has seen that a singular reference metric may significantly improve the massive
cosmology by evading the extra constraint (13) on the scale factor. In the next section, we will
study the massive cosmology with singular reference metric in details. One will see that a sound
cosmology emerges. And furthermore, dark energy and dark matter appear naturally without any
exotic matters.
III. MASSIVE COSMOLOGY WITH SINGULAR REFERENCE METRICS
The general equation of motion of the physical metric g corresponding to the action (7) reads,
Rµν − 1
2
Rgµν +m
2χµν = 8πGTµν , (25)
where Tµν is the matter term corresponding to Lm, χµν is the potential term of the gravity field,
χµν = −c1
2
(U1gµν −Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν)−
c3
2
(U3gµν − 3U2Kµν
+ 6U1K2µν − 6K3µν)−
c4
2
(U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν). (26)
9A. the static reference metric
Based on the previous discussions, we first set the reference metric fµν =diag(0, 1, 1, 1). There
is no dynamical variables in the reference metric. Thus in principle we should introduce the lapse
function in the physical metric g. As we analysed before, since f00 = 0, the lapse function is
no longer a Lagrangian multiplier in the action. An obvious result is that a dynamical universe
becomes possible. Then it is unnecessary to introduce the lapse function N in the physical metric.
We set the physical metric,
ds2 = −dt2 + a2d~x2, (27)
where d~x2 can be flat, spherical or hyperbolic, characteristiced by the spatial curvature k =
0,+1,−1. Straightforward calculation presents Kνµ =diag(0, 1, 1, 1)/a, and,
U1 = 3
a
,
U2 = 6
a2
,
U3 = 6
a3
,
U4 = 0. (28)
Then one derives the potential
V = m2
(
3c1
a
+
6c2
a2
+
6c3
a3
)
, (29)
which invokes no variables other than the scale factor a.
We assume the matter, as usual, to be a perfect fluid,
Tµν = ρuµuν + p(uµuν + gµν), (30)
in which ρ and p denote the density and pressure of the cosmic fluid, respectively. The field
equation (25) presents the Friedmann equations,
H2 +
k
a2
=
8πG
3
ρ−m2
( c1
2a
+
c2
a2
+
c3
a3
)
, (31)
a¨
a
= −4πG
3
(ρ+ 3p) +m2
(
− c1
4a
+
c3
2a3
)
. (32)
From the Friedmann equations, one draws the effective density and pressure of the gravitons,
ρg = − 3m
2
8πG
( c1
2a
+
c2
a2
+
c3
a3
)
, (33)
pg =
m2
8πG
(c1
a
+
c2
a2
)
. (34)
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It deserves to explicate the density and pressure of the gravitons in the above equations. It is
well known that the stress energy of gravity field is an intricate problem [23]. In general relativity,
a stress energy density is elusive, where only a kinetic term of the graviton, the Einstein-Hilbert
term, is involved. Here the potential term of graviton is introduced. In the case of massive gravity,
the effective density and pressure in (44) and (45) completely emerge from the potential term of
the gravitons. The contributions of the kinetic term are not included. Therefore, (44) and (45)
do not imply that we have localized the stress energy of gravity fields. (44) and (45) present the
density and pressure of gravitons only in analogy to a perfect fluid, though they play the same role
in the evolutions of the universe. This is sometimes called “Einstein interpretation” of a modified
gravity.
Before discussing special cases of the Friedmann equations, we make a generic exploration of
the massive cosmology. From (44) and (45),
ρ˙g + 3H(ρg + pg) = 0. (35)
For a pure thermodynamic method to derive this equation, see [24]. So the gravitons and matters
evolve independently in the history of the universe. First, we explore the ground state of such a
universe, i.e., an empty universe without matters. In this case ρ = p = 0. The equation of state of
the effective stress energy of graviton reads,
wg =
pg
ρg
= −1
3
c1/a+ c2/a
2
c1/(2a) + c2/a2 + c3/a3
. (36)
This equation of state contains rich structure for the massive cosmology. Here we just present an
example of an evolution of wg in the history of the universe.
In fig 1 and fig 2, c1 = −3.8, c2 = 2.5, c3 = −1. One sees that in the early universe the
gravitons behave like a stiff matter, which is helpful for the structure formation, while becomes
more and more softer in the later universe, which may be meaningful for the late time acceleration.
wg crosses the phantom divide in some recent stage. It is clear that a dynamical universe is possible
in massive gravity, though only a situation of empty universe is considered.
B. the dynamical reference metric
Further, we can set a dynamical reference metric, as done in the previous works [11, 14]. As a
natural extension of the last subsection, we set fµν = b
2(t)diag(0, 1, 1, 1). We call b the scale factor
of the reference metric (SFR). The invariant potential in the action (7) reads,
√−g V = 3m2 (c1ba2 + 2c2b2a+ 2c3b3) . (37)
11
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-1
-0.75
-0.5
-0.25
0.25
FIG. 1: Effective EOS of the gravitons vs scale factor. This figure shows the evolution of the equation of
state of the gravitons in an empty universe in massive gravity.
0.8 0.85 0.9 0.95
-0.9
-0.8
-0.7
FIG. 2: Low redshift sector of fig 1. This figure clearly shows the behavior of crossing w = −1 of the
equation of state of the gravitons, which is not a trivial issue [25].
b does not appear in the other terms in the action. To reduce the arbitrariness of b, we consider
an on-shell b. Thus a variation with respect to b presents,
c1a
2 + 4c2ba+ 6c3b
2 = 0. (38)
So, if the reference metric is dynamical, the SFR b is always proportional to the physical scale
factor. The exact expression is,
b =
−2c2 ±
√
4c22 − 6c1c3
6c3
a. (39)
If one does not discuss complex metric, the present equation requires,
2c22 ≥ 3c1c3. (40)
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This is an extra constraint required by cosmology, which does not appear in the general massive
gravity theory. Define,
B± =
−2c2 ±
√
4c22 − 6c1c3
6c3
. (41)
Then we write (39) as b = B±a. The Friedmann equations become,
H2 +
k
a2
=
8πG
3
ρ−m2
(
c1B±
2
+ c2B
2
± + c3B
3
±
)
, (42)
a¨
a
= −4πG
3
(ρ+ 3p) +m2
(
−c1B±
4
+
c3B
3
±
2
)
. (43)
The corresponding density of pressure of gravitons become,
ρg = − 3m
2
8πG
(
c1B±
2
+ c2B
2
± + c3B
3
±
)
, (44)
pg =
m2
8πG
(
c1B± + c2B2±
)
. (45)
Both ρg and pg are constant, but,
ρ˙g + 3H(ρg + pg) 6= 0, (46)
which implies that the gravitons are not adiabatic. With such a reference metric, an empty universe
does not exist. It is similar to an interacting dark sectors model. One sees that, unexpectedly,
the case of dynamical reference metric fµν = b
2(t)diag(0, 1, 1, 1) is not a simple generalization of
the case of constant reference metric fµν =diag(0, 1, 1, 1). The essence of the problem is that one
introduce a new freedom b(t), meanwhile its behavior gets restrict constraint from the on-shell
equation b ∼ a. Thus it cannot degenerate to the case of b =constant, only if the universe is static.
We make a preliminary study of the dynamics of such a universe with dynamical reference
metric. For simplicity, we consider a dust universe. The continuity equations for dust and gravitons
can be written as,
ρ˙d + 3Hρd = Γ, (47)
ρ˙g + 3H(ρg + pg) = −Γ, (48)
where Γ denotes the energy flow between different sectors, which reads,
Γ =
3m2H
8πG
(
c1B±
2
+ 2c2B
2
± + 3c3B
3
±
)
. (49)
A positive Γ denotes an energy flow from gravitons to the dust sector. Then we rewrite (47) into,
a
dρ
da
+ 3ρ =
3m2
8πG
(
c1B±
2
+ 2c2B
2
± + 3c3B
3
±
)
. (50)
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The solution is,
ρ = C1 +
C2
a3
, (51)
where
C1 =
m2
8πG
(
c1B±
2
+ 2c2B
2
± + 3c3B
3
±
)
, (52)
and C2 is an integration constant. Rewriting the Friedman equation (42) into,
H2
H20
=
Ωk0
a2
+
Ωm1
a3
+ΩΓ +Ωg, (53)
where,
Ωk0 =
−k
H20
, Ωm1 =
8πGC2
3H20
, ΩΓ =
8πGC1
3H20
, Ωg =
8πGρg
3H20
. (54)
When Ωk0 = 0, we find an analytical solution of (68),
a = 2−4/3 (ΩΓ +Ωg)
−1/3 e−
√
ΩΓ+Ωg H0t+D
(
e3
√
ΩΓ+Ωg H0t−D − 4Ωm1
)2/3
, (55)
where D is an integration constant. When e−D = 4Ωm1, on can confirm that the scale factor
reduces to the Einstein case,
a ∼ t2/3, (56)
at the limit ΩΓ +Ωg → 0.
Next we consider a radiation universe. In this case the Friedmann equation (68) becomes,
H2
H20
=
Ωk0
a2
+
Ωr0
a4
+ΩΓ +Ωg, (57)
where Ωr0 is the relative composition of radiation at a = 1. We find the exact solution of the above
equation,
a =
1
2
√
e2
√
c1H0t+D − 4Ωr0e−2
√
c1H0t−D
√
c1
, (58)
where D is the integration constant. When eD = 2Ω
1/2
r0 , and c1 → 0, a comes back to the radiation
universe a ∼ t1/2 in GR.
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C. more complicate reference metric
One has seen that massive cosmology leads to ordinary dynamical cosmology with some special
reference metrics. The two resulted models are familiar in the studies of cosmology. Now we
develop a different one in massive cosmology. The reference metric is subtle in massive gravity.
It is necessary for endowing mass for a graviton. However, it blocks some “obvious results” in
general relativity, for example, an FRW universe, a Schwarzschild like black hole, and Kerr-like
rotating one. In all these cases, one has to invoke non-trivial reference metrics [26]. Generally, the
physical motivations of these reference metrics are not very clear. We take such reference metric
largely due to the wanted results. Now, let’s introduce a hybrid reference metric in the previous
two subsections, fµν =diag(0, 1, b
2, b2). Then one reaches, Kνµ =diag (0, 1/a, b/a, b/a). Under this
reference metric, Ui read,
U1 = 1 + 2b
a
,
U2 = 4b+ 2b
2
a2
,
U3 = 6b
2
a3
,
U4 = 0. (59)
Terms in the action related to b read,
√−g V = 3m2 (c1a2(1 + 2b) + 2c2a(2b+ b2) + 6c3b2) . (60)
Similar to the previous case, we consider an on-shell b. A variation with respect to b requires,
b = −c1a
2 + 2c2a
2c2a+ 6c3
. (61)
The Friedmann equations in this case,
H2 +
k
a2
=
8πG
3
ρ−m2
(
c1(1 + 2b)
6a
+
c2(2b+ b
2)
3a2
+
c3b
2
a3
)
, (62)
a¨
a
= −4πG
3
(ρ+ 3p) +m2
(
c1(1− 4b)
12a
+
c2(b− b2)
3a2
+
c3b
2
2a3
)
. (63)
One extracts the effective density and pressure of gravitons from the above equations,
ρg = − 3m
2
8πG
(
c1(1 + 2b)
6a
+
c2(2b + b
2)
3a2
+
c3b
2
a3
)
, (64)
pg =
m2
8πG
(
c1b
a
+
c2b
2
a2
)
, (65)
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where b is given by (61). Before considering the full complexity of the above equations, we study
some special cases. First, when c1 = c3 = 0, the gravitons becomes stiff matters with w = 1 Then,
when c2 = 0, one obtains b ∼ a2. Thus from (64) the density of the gravitons increases when the
universe expands.
In the case of c1 6= 0 c2 6= 0 c3 6= 0, the evolution of the universe with gravitons with reference
metric fµν =diag(0, 1, b
2, b2) is fairly complex. To understand the evolution of the universe with
massive gravitons, we first examine the energy conservation of the gravitons,
ρ˙g + 3H(ρg + pg) =
m2
8πG
(2c22 − 3c1c3)(6c3 + 4c2a+ c1a2)a˙
2a2(3c3 + c2a)2
. (66)
Generally speaking the stress-energy of the massive gravitons is not conserved. Thus it needs the
other components in the universe to undertake energy flows. A special case is α = 2c22− 3c1c3 = 0,
in which the gravitons evolve adiabatically. We call the massive gravity with such parameters
critical massive gravity. In the critical massive gravity, the ground state of the universe, i.e., an
empty universe, exists,
a = C1 exp
[(
c31
24c3
) 1
4
t
]
, a = C2 exp
[
−
(
c31
24c3
) 1
4
t
]
, (67)
which is an analogy to the Minkowski space in general relativity. It is easy to recognize that the
ground state described by (67) is de Sitter space. It can be an expanding or contracting universe.
A note is that a superposition of an expanding and contracting universe is not a solution of the
field equation because of its non-linearity.
To more realistically describe the evolution of the universe at some late time, we introduce a
dust component. In this case, (62) becomes,
H2
H20
=
Ωk0
a2
+
Ωm0
a3
− m
2
H20
(
c1(1 + 2b)
6a
+
c2(2b+ b
2)
3a2
+
c3b
2
a3
)
. (68)
The solution of the above equation reads,
a = L
tanh2/3 (Mt+ C3)(
1− tanh2 (Mt+ C3)
)1/3 , (69)
where,
L =
√
2(3c¯3)
1/6Ω
1/3
m0√
c¯1
, M =
21/433/4c¯
3/4
1
4c¯
1/4
3
, (70)
and C3 is an integration constant. c¯1 and c¯3 are defined as,
c¯1 =
m2
H20
c1, (71)
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and
c¯3 =
m2
H20
c3, (72)
respectively.
Now we deal with the non-critical case α 6= 0. We assume that the dark matter balances the
energy flow from the gravitons (66),
˙ρm + 3Hρm = − m
2
8πG
(2c22 − 3c1c3)(6c3 + 4c2a+ c1a2)a˙
2a2(3c3 + c2a)2
. (73)
When c2 6= 0, the explicit form of ρm reads,
ρm =
C3
a3
− ξα
4c4
2
a3
(
a2c1c
2
2 −
18αc23
c2a+ 3c3
+ 4αa − 18αc3 log(c2a+ 3c3)
)
, (74)
where,
ξ =
m2
8πG
, (75)
C3 is an integration constant, and α is the critical parameter we defined before. Clearly, it degen-
erates to the non-interacting case when α = 0. c2 = 0 is a singularity of the above solution. One
has to deal with this case specially. When c2 = 0, one obtains,
ρm =
C4
a3
+ ξ
(
c1
2a
+
c21a
24c3
)
. (76)
Now, as an example, we fit the case with c2 6= 0, which has the most rich evolution behaviors.
We rewrite the Friedmann equation (68) as,
H2
H20
=
Ω1
a
+
Ω2
a2
+
Ω3
a3
+Ωλ +
Ω1p
a+ 3c3/c2
+
3α2c3m
2
2H20c
4
2a
3
ln(a+
3c3
c2
). (77)
Here,
Ω1 =
m2
3H20
(
α2
4c22c3
)
, (78)
Ω2 = Ωk0 −
m2
3H20
(
α2
2c32
+
α2
c42
)
, (79)
Ω3 = Ωb0 +
8πG
3H20
C3 +
m2
3H20
9α2c3 ln c2
2c42
, (80)
Ωλ =
m2
3H20
c21
4c2
, (81)
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FIG. 3: One-D marginalizd distributions and two-D joint distributions for the parameters with the 1σ and
2σ contours.
Ω1p =
m2
3H20
(
α2
12c22c3
)
, (82)
and Ωb0 denotes the present component of baryonic matters, which does not interacts with gravi-
tons.
In general, we set Ω2 = 0, and,
Ω1p0 =
Ω1p
1 + 3c3/c2
, (83)
Ω4 =
3α2c3
2H20c
4
2
, (84)
Ω40 = Ω4 ln(1 + 3c3/c2). (85)
We stress that Ω2 = 0 does not implies a spatially flat universe, since the massive gravitons also
contribute Ω2 significantly, from (79). For any k in a realistic universe, it behaves like a spatially
flat one for proper parameters in massive gravity.
Here, we apply the Pantheon data [27], CMBR data [28] and the BAO data [29–32] to contrain
the model. The code of Cosmomc [33] is used in this fitting. We set the range of the parameters are
Ωm0 = [0.005, 1.0], Ω10 = [−0.3, 0.3], Ω1p0 = [−0.2, 0.4], Ω40 = [−0.1, 0.2], and 3c3/c2 = [0.5, 1].
The constraining results present Ωm0 = 0.287
+0.049+0.066
−0.072−0.093 , the best fit of other value are Ω10 =
0.077, Ω1p0 = 0.357, Ω40 = −0.079, 3c3/c2 = 0.952 with their 1σ and 2σ range very close to
the prior range. From fig. 3, one sees that the present observation leave enough space for the
parameters.
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It is easy to see that Ω1 and Ω1p vanish, and Ω2 and Ω3 reduce to the ordinary case under the
condition α = 0. This is exactly the the critical case which we studied in the above context. The
above equation cannot directly reduce to the case with c2 = 0 or c3 = 0. We discuss these cases
separately. The Friedmann equation corresponding to c2 = 0 reads,
H2
H20
=
Ωk0
a2
+
Ω3
a3
+Ω+1a. (86)
Here,
Ω+1 =
m2
3H20
c21
8c3
, (87)
Ω3 = Ωb0 +
8πG
3H20
C4, (88)
and c3 = 0 reads,
H2
H20
=
Ω2
a2
+
Ω3
a3
+Ωλ. (89)
Here,
Ω2 = Ωk0 +
m2
3H20
(−3c2), (90)
Ω3 = Ωb0 +
8πG
3H20
C3, (91)
Ωλ =
m2
3H20
c21
4c2
. (92)
These two cases are relatively simple. We do not further constrain them. From the above discus-
sions, one sees that the massive gravity with singular reference metric permits dynamical universe
with all three cases of spatial curvatures.
IV. CONCLUSION
The inexistence of a dynamical universe with negative and zero spatial curvatures is a critical
difficulty in the studies of massive gravity. We demonstrate a straightforward and much more
economic way to overcome this problem. After careful analysis of this problem, we find that a
singular reference metric can remove the extra constraint in the equation of motion, and thus leads
to a sound cosmology with all three types of spatial curvatures.
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We study three cases of singular reference metrics, which are static, dynamical, and a hybrid
one. All of them permit cosmology with all three types of spatial curvatures. We preliminarily
constrain the last one with SNe, CMBR, and BAO data. The result shows that the observations
leave enough space for the model parameters.
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